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1. INTRODUCTION 
Basically there are two directions to study the topological properties of a 
vector-valued sequence space (VSS) n(X) which is defined as a linear space 
of sequences chosen from a vector space X over the field IK of scalars, 
namely, (i) when no restriction is placed on the structure of n(X) relative to 
a given scalar-valued sequence space (SS) A; and (ii) when members of /i(X) 
are chosen corresponding to a given SS 1. However, in the case (i), the 
topology on /i(X) is either (a) obtained as a consequence of its dual 
relationship with A ‘(x*), the generalized K&he dual of n(X)--a study 
initiated by Photing-Cic [IO] and carried on further by Gupta, Kamthan, 
and Rao [4,5] for a restricted class of spaces A(X); or (b) n(X) is equipped 
with a locally solid topology which itself depends upon the intrinsic 
properties of /i(X)--a study made by Gregory [3] whose scalar-valued 
analogues originated from the work of Garling [2]. Gregory has also 
attempted to unify these two approaches of study in his work referred to 
above. In studying the aspect (ii), the topology of .4(X) is introduced with 
the help of the topology of the parent SS ), and the topology of the 
topological vector space (TVS) (X, 7); for instance, one may refer to the 
monograph of Pietsch [ 111 and the papers of Rosier [ 141 and De Gran- 
de-De Kimpe [ 11. 
All the above methods for topologizing the space n(X) have their own 
advantages and difficulties. Whereas the importance of vector-valued 
sequence space of case (ii) lies in the study of nuclear spaces, etc. [ 121, the 
method developed by the duality of /i(X) with n “(x*) has immediate 
applications in the Schauder decomposition theory-indeed, it is shown in 
[6] that every vector-valued sequence space equipped with the weak topology 
has a Schauder decomposition, and various results interrelating the types of 
Schauder decompositions with the properties of the space A(X) have also 
been proved (cf. also [ 131). 
The purpose of this note is to complete a part of the unfinished work 
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initiated in [ 51 related to the topological aspect of the vector-valued 
summable sequence space I’(X) when it is placed in duality with its 
generalized Kothe dual P(X’). We also introduce another sequence space 
m,,(X) c I”(X) and consider the duality with the space $(X*) of all vector- 
valued weak* absolutely summable sequences in X*. 
To be precise in our discussion let us now recall a few definitions from 
vector-valued sequences spaces. For a dual system (X, Y) of vector spaces X 
and Y defined over the same field IK and formed with respect to the bilinear 
form B such that B(x, y) = (X,-V), a generalized sequence space or a vector 
sequence space (VSS) is defined as the vector space A(X) of sequences from 
the space X under pointwise addition and scalar multiplication. The 
generalized K&he dual of A(X) is the space 
“(Y)= 
I 
V;J= {Yi) c K ,T, /(xi>yi)( < Cot vXiEn(x)[ . 
Similarly, by A ’ ‘(X) we mean the generalized K&he dual of A ‘(I’) and so 
on. We set 
@(A-) = (2 = {xi}; {Xi} cx, 
xi = 0 for all except finitely many indices i), 
and 
D(X)= {if= {xi};xjEX,Vi> l}. 
If A(X) I Q(X), then the spaces A(X) and A “(X) are in duality with each 
other relative to the bilinear form 
B(f,,)= x (xi,yi)‘x= (Xi)EX and 4’: (yi) E Y* 
i>l 
Hence we can talk of various G-topologies on either of the spaces (cf. 17 1, 
for a full discussion on G-topologies). However, we shall be interested in the 
topologies ~$4 (X), A ’ (Y)) and /3(A (X), A ’ (Y)) called, respectively, the weak 
and strong topologies on A(X) and generated by the family 
{p,-:pEAX(Y)/and {pB:BEG{ of semi-norms, where 
and G is the collection of all o(A ‘(Y), ,4 (X))-bounded sets in A ‘(Y), 
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There is another natural locally convex topology q(/i (X), n ’ (Y)) on n(X), 
which is known as the normal topology and is generated by the family 
(q,- : j E II ‘(I’) ) of semi-norms, where 
q,-(f)= c I(Xi~Yi)l. 
i>l 
Concerning the notation, terminology and results on locally convex spaces 
we follow Horvath [7] and Kothe [9]. We assume throughout that (X, 7’) 
denotes a Hausdorff locally convex space (l.c. TVS) with X* as its 
topological dual and the topology T is generated by the family D of all 
continuous semi-norms on X. The topological dual x* is always equipped 
with the strong topology p(F, X) generated by the semi-norms pB, where B 
is a bounded set in X and pB(f) = sup{]f(x)] : x E B}. An l.c. TVS X is 
called a-quasibarrelled or a-infrabarrelled if every p(x*, X)-bounded 
sequence in X* is equicontinuous on X. We now define 
1’(X) = 
I 
{xi} : xi E X, i > 1 and c p(x,) < 00, Vp E D , 
i>l t 
I”(X*) = {{J) :f;: E x*, i > 1 and {f;:} is j&I?, X)-bounded}, 




{fi} :A E X*, i > 1 and C p,df;:) < co 
i>l 
for every finite subset B of . 
Analogously, we can define the spaces I’(X*), Y’(X), m,(P), and l;(X). 
The following definition needed in the sequel, are due to Pietsch [ 1 I]. 
DEFINITION 1.1. A subset M of A(X) is called normal if for 
X = {xi} E M and every sequence a = {ai} of scalars with ((Xi1 < 1, i > 1, the 
sequence a2 = {a,~~) belongs to M. The normal cover of a subset M of /1(X) 
is the set of all elements ff such that 2 = aB where a = {ai} with ] ai ( < 1 and 
C E M. A sequence space A(X) is said to be perfect if A(X) = A x ‘(X). 
The following results are proved in [ 111. 
PROPOSITION 1.2. For a a-quasibarrelled space X, I’(X) and l”(X*) are 
perfect-spaces and [Z’(X)] ’ = P(P). 
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PROPOSITION 1.3. Let X be a locally convex reflexive space. Then a set 
B c P(X*) is o(l”(X*), l’(X))-bourzded if and only if UT , Bi is 6(X*, X)- 
bounded where Bi is the set of ith co-ordinates of members of B. 
2. CONVERGENCE IN l’(X) 
For the main result of this section, we make use of the following simple 
LEMMA 2.1. Let X be an l.c. TVS with X* as its topological dual. Then 
(i) @(X),~u(x*)) and r(~(W,~u(x*))- convergent sequences in A(X) are the 
same, and (ii) a(/i (X), p(X*))- and q@(X), p(X*))-Cauchy sequences are the 
same in A(X), where y(F) is a normal subspace of A ‘(x*). 
Proof. (i) Let Ix”), Y = {xl} c X, be a sequence in n(X) such that 
x” --+ 0 in c@(X), ,u(X*)) and y = { yi) E ,u(X*). As ,u(X*) is normal, it 
follows that ay = {ai yi} E ,u(F) for a E 1”O. Hence for E > 0, there exists a 
positive integer n, = n*(e, CI, y) such that 
C (x1, a, yi) < E, 
i>l 
for all n > n, 
or 
for all n 3 no. 
Thus the sequence z” = {(xl, y,)} converges to zero in o(l’, 1”). Hence 
Z” -+ 0 in the norm-topology of I’ (cf. [8, Proposition 2.6.91 also 19, p. 28 11). 
Consequently, 
C I(X~,yi)l <E, forall n>no, 
* xn -+ 0 in r&t(X), ,u(X*)). Converse is clearly true. 
(ii) Let (x”} be a u@(X), &X*))-Cauchy sequence in 
a E I”, y E ,u(X*) and E > 0, there exists a positive integer 
such that 
1 ai(X~-X~yyi) <E, Vn, m > no 
i>I 
or 
A(X). Then for 
no = no@, Y, a) 
2 CZi(Zl - Zy) < E, Vn, m > no, 
i>l 
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where z” = ((xl, y,)}. Thus (z”} is a a(l’, lm J-Cauchy sequence in I’ and 
hence it is p(I’, l”)-Cauchy ([8, Proposition 2.6.91). This clearly implies that 
(x”) is a r,@(X), p(p))-Cauchy sequence in n(X). 
We are now ready to state and prove the main result which is given in the 
most general setting of locally convex spaces and generalizes its counterpart 
in scalar-valued sequence spaces. Indeed, we have 
THEOREM 2.2. Let X be a rejlexive locally convex space. Then o(Z’(X), 
P(X*))- and /?(l’(X), P(P))- convergent sequences in Z’(X) are the same if 
and only if a(X, X*)- and p(X, X*)-convergent sequences in X are the same. 
ProoJ: Let o@‘(X), 1”O(X*))- and p@‘(X), Y(p))-convergent sequences 
be same in 1’(X). Assume that x, +x in u(X, X*). Write 
x, = {x,, 0, O,...) 
and 
x = {x, 0, 0 ,... }. 
Clearly f,, + R in u(l’(X), Y(X*)) and hence i, --t 2 in p(l’(X), Y(X*)). 
Consider now a u(X*,X)-bounded set A in X*. Then A is &x*,X)- 
bounded (cf. [7, p, 2291). Set 
Then x is u(f”(X*), 1’(X))-bounded subset of 1”(p) by Proposition 1.3. 
Hence for E > 0, there exists a positive integer n, such that 
Pa(fn - X) < E, forall n>nn,, 
i.e., 
yAp I.& - xl < 6 for all n2n,, 
a x, -9 x in /3(X, ;y*). 
For converse, assume that u(X, p)- and j?(X, lr*)-convergent sequences 
are the same in X. Let a” --) 0 in u([‘(X), I”@?)). Now for fE p and i > 1, 
the sequence {jiiin}~=’ is in Ia( for each i > 1. 
Let us assume now that a” -I, 0 in &l’(X), I”(x*)). Therefore, we can find 
an E > 0 and a ~(/~(x*), I’(X))-bounded set B in /“O(p) such that 
lim supp,(a”) > e. 
n-r* 
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We now find two sequences (m,} and (nk} as follows: 
(i) Let n, be the smallest positive integer such that 
ChooseJ’“’ = (fl’) E B such that 
(ii) After having chosen n,, we choose m, as the smallest positive 
integer such that 
(iii) In generality nk is chosen as the smallest positive integer greater 
than nk _ i such that 
P~(Q”“) > E and k> 2, 
where the later inequality being true in view of the p(X, X*)-convergence of 
the sequence {a~},“=i, V  > 1 and /3(x*, X)-boundedness of the set 
B, = Ui> i Bi, Bi = {f;:: {fi} E B}. Letfnk E B be such that 
C W,.fY) > E. 
i>I 
(iv) We now find mk as the smallest positive integer greater than mk-, 
such that 
and 
Choose scalars j3yk, mk-, + 1 < i < mk, k > 1, m, = 0 such that 
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Clearly I/?:“] = 1. Let {a;} c IK and {fi} c X* be defined as follows: 
cfi =#‘, l<i<m,, 
r&Q+‘, m,<i<m,+,, k=l,2 ,..., 
and 
J==fl’, 1 Qi<m,, 
Efl”“, mk(i<m,+,’ k= 1,2 ,.... 
Then {A) E roo(X*) as {A) c B, which is /?(X*, X)-bounded. Write gi = aifi, 
i > 1. Then { gi} E Zm(X*}. Also from hypothesis and Lemma 2.1, we can 
find a positive integer pO such that 
C /(al&l < t, for all IZ >p,. 
i>l 
Choose k, such that k > k, =S nk >pO. Then for k > k,, we get 
1 g t”fkT Si> / 2 5 I(al:f;:>l - y lwml 
i=mk-,+l i=l 
& E & 3E -A=-* 
Q-3 5 10 
This contradicts that a”-+ 0 in a(l’(X), Ia(X Hence a”+ 0 in 
/3(/‘(x), F’(F)) and this completes the proof. 
A glance at the proof of the above immediately ields. 
PROPOSITION 2.3. If X is u reflexive locally convex space and 
{a”} c l’(X), a E l’(X), then a” --t a in &Z’(X), F’(x*)) ifund only ifu”+ a 
in o(I’(X), l”O(x*)) and al --t ui in /3(X, F), for each i > 1. 
Proof: Omitted. 
The (ii) part of Lemma 2.1 is used in proving 
PROPOSITION 2.4. Let X be an l.c. TVS with XE us its topological dual 
such that (X, a(X, X)) is sequentially complete. If A(X) is u perfect VSS, 
then (,4(X), a(A (X), A ’ (F))) is sequentially complete. 
Proof: It is similar as that of Proposition 4.3 proved in [6, p. 3001. 
The above result immediately leads to 
364 MANJUI. GUPTA 
COROLLARY 2.5. For a a-quasibarrelled a(X, X*)-sequentially complete 
locally convex space X, the space (l’(X), a(l’(X), I’ (X*))) is sequentially 
complete. A fortiori, the result remains valid for a reflexive locally convex 
space X. 
Remarks. Lemma 2.1 which can further be generalized for any dual 
system (X, Y) of vector spaces, can be proved independently without making 
use of the correspoding results for scalar sequence spaces 1’ and 1” ([ 10, 
p. 135; 6, p. 2981). Part (ii) of this lemma generalizes Proposition 4.2 of 
paper 161. 
3. THE SPACES m,(X) AND l&Y*) 
For an l.c. TVS (X, 7) the spaces m,,(X) and l#‘*) are clearly locally 
convex spaces when they are equipped with topologies generated, respec- 
tively, by the families { p0 : p E D) and {P, : B varies over finite subsets of 
X) of semi-norms, where 
and 
Obviously, Z’(X*) c &X*), and for the space X with dual x* satisfying the 
condition a(X*, X) = /?(X*, X), we have f’(X*) = $(X*). Concerning the 
duality of m,(X) and $(X*), we have 
THEOREM 3.1. Let X be an l.c. TVS with dual X*. Then 
(m,(X))’ = $(X*). 
Proof. Clearly $(X*) c (m,(X))X. For converse, assume that there is an 
element {fi} in (m,(X))X such that {fi} @J I#?). Hence there exists a finite 
subset B of X such that C,,>, pB(fn) = co. Therefore, we can find a sequence 
{ni} of positive integers such that 
ni+l 
c P,(&) > 2’9 Vi>, 1, 
i=n,+ I 
- there exist xi E B such that 
nit1 
1 l<xjJj>l > 2’, Vi> 1. 
i=n;+ 1
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Define a sequence (yi} c X as follows 
yj = x; , ni < .i< ni+19 i= 1,2, ... 
= 0, otherwise. 
Clearly { yj} E m&Y) and 
C I(Yj,fj>l = O”* 
.i>l 
This contradicts that {fi} E (m,(X))X. Hence the result follows. 
Remark. The equality (I&P))” = m,(X) is not true. Indeed, 
m,(X) c (fk(X*))‘; but the reverse inclusion is not true even in the case of 
scalar sequence spaces. In that case, we have X = A? = IK and m,(X) = m, , 
&X*) = I’. Here (1’)x = P’ which properly contains m,. 
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